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1 The abc-Conjecture

1.1 Definition

The abc-conjecture states that for three natural numbers a, b and ¢, if a+b = ¢ and ged(a, b) =
1 at least one of the three does not have too (many) high powers in its prime decomposition.
In order to formalize this vague definition, first the radical r(IN) of a natural number N needs
to be defined:

Definition 1.1 The radical of a natural number is:

r(N) = H .

p|N,for p prime
The formal description of the abc-conjecture now is as follows:

Conjecture 1.2 The abc-conjecture:
given any € > 0 there exists a constant C(e) > 0 such that for every triple of positive integers
a,b,c satisfying a +b = ¢ and ged(a,b) = 1 it holds that ¢ < C(e) -r(a-b-c)' T,

In order to compare abc-triples the quality is introduced:

Definition 1.3 The quality of an abc-triple, i.e. a triple of positive integers a,b,c satisfying
a+b=c and ged(a,b) =1, is:

logc

QD) = ogr(a- by

Considering the quality, the conjecture translates to the following: for any real > 1, there is
only a finite number of abe-triples satisfying Q(a,b,c) > n. For random a,b,c one can expect
a quality of Q) =~ % To see this, take a,b ~ N for N large, then ¢ =~ 2N. In general it will

hold that r(a-b-c)~a-b-c, so Q(a,b,c) = loglro(ch~cb~c) ~ 11)Ogg((22]]\>f3)) ~ 1

But there exist infinitely many abc-triples with @ > 1. Take a =1, b = c¢—1 and ¢ = 9",
it is clear that a + b = ¢ and ged(a,b) = 1. Furthermore, note that b is divisible by 8.
This can be shown inductively; for n = 1 we have b = 8 so obviously 8|b. Now assume
that for n = k we have b = 8b, then ¢ = 9% = 8b + 1. But then for n = k + 1 we have
c=9"1=9.(8b+1) = (9 +1)-8+1so 8b. The quality of such an abc-triple can then

log ¢ > log(8b+1)
logr(abc) = log(2b-3) > 1.

easily be bounded from below: @) =

1.2 Finding abc-triples

There are several strategies for finding good abc-triples, i.e. with high quality, namely Jaap
Top’s method [1], continued fractions [2], linear forms in logarithms [3] and brute force. In
this section these strategies will be discussed briefly.



1.2.1 Jaap Top’s method

Jaap Top’s method tries to avoid large prime factors, the method works as follows: take
coprime n; =[] pgnil’i, ny =[] p;nfl and n3 =[] pgnf * of comparable size, say N. Now find an
integral solution to the equation dl n1+asno—asgnsg — 0, where a; << N. Finding this solution
can be done by brute force. To generate a solution, list all options inq+ jne+kns,0 < 1,5,k <
M for a properly chosen upper bound M. There are M? different combinations for 7, j, k and
the total sum ini + jno + kng is bounded from above by 3M N. In order to make sure at least
two options are equal, we need at least M? > 3MN < M > /3N, so it suffices to choose
M = [\/37N] Now given bjni+bane+bsns = cini+cang+cang, the equation (by —cq)ni+ (b —
c2)ng + (bg — c3)ng with appropriate signs leads to ain; + agng = agns. With this method
abe-triples with @@ ~ 1 are expected, since max |a;n;| =~ V3NN and r(ainiagneagng) <
r(ayagas)r(ningns), where r(ajagas) is bounded by V3N’ and r(ningng) is small and can
e e ~ /w1 When it
happens that r(ai,as,as3) is small and / or ged(aiagas,pi1---p3q) > 1, one may expect @
slightly larger than 1. It is however not known how this could be forced.

As an example, take n; = 73, no = 3%, ng = 219, We find for instance 2-73444-36—30.210 =
1-73 3735428219 This yields the abe-triple (a,b,c) = (73,319,211 . 29), with quality
Q(a,b,c) ~ 1.54708. The quality is this high since miraculously 44 + 37 = 3%, if this would

not be a prime power, the quality would be approximately @ ~ % ~ 0.95586.

be kept constant for N — oo, so Q(a,b,c) =

1.2.2 Lattice Basis Reduction

Another possibility to find an integral solution to a1n1 + asne + agng = 0 is by using lattice
basis reduction, due to Dokchitser [1]. Here a lattice is a discrete subgroup of R™ generated
from a basis by all linear combinations with integral coefficients. Define § = —(niny ')

mod ng, ¢ = —%:29 and u = 2=99 Note that the modular inverse Ny 1 exists because na
and ng are coprime. Furthermore note that 6, ¢ and u are integers (trivial for 6, the others are
1 0
shown below). Now {(1,6,1), (0,n3,—ns)} forms a lattice basis. Define I' = 6 ng |,
Y —ng
. 10
this gives I‘( CLI ) = | a2 (also shown below). Now take I'* = < 0 ns > as basis

as
and use the LLL-reduction algorithm ([4], see Appendix A, in this 2-dimensional case it is
actually the Euclidean Algorithm) to reduce I'* to I'}_;, where “reduced” is as defined in
A.1. Determine T' = I~ and use it to reduce I'. This gives I'T = I'yeq. It holds that

red’
ai
[25] v v .
as | =T < " > =IT < w > = Teq < w > for integers v and w. Now loop over v, w
as

in some range to find abc-triples. Since I',..q is a reduced basis, all “small” lattice points will
be found.

13 —25
Again as example, take n; = 73, ng = 35 ng = 210 This gives I'yeq = 29 23
—25 -8



v 9 v 13 —25 9 1

Now ( > = <1> yields Fmd< ) =129 23 <1> = | 81 | which again gives the
v v —25 -8 —58

abe-triple (a,b,c) = (73,310,211 . 29).

Claim 1.4

¥ and u as defined above are integers.

Proof:

For ¢ to be an integer, we must have n3|(n1 + naf). Since § = —(nyn, ') mod n3, we have

nof = —n1 mod n3. Then ny + nef =0 mod n3 and thus nz|(ny + neb), so that ¢ € Z.
Since aini + asns + agng = 0, it holds that a;n1 +asny =0 mod ng and therefore a1n1n2_1 +
as = 0 mod n3. Now since as — a10 = ag + amm;l mod ng it follows that ns|(az — a16),
so that u € Z.

Claim 1.5
ai
a
F< 1 > = a9
U
a3
Proof:
1 0 a al aiq aq al
0 ns ( 1> = a1f0+unsg | = a10 + az — a0 = as =las ],
—ni—nol —a16 —niai—nosa
Y —ng a1y — nau ap = -y 2 BEEre— as

using a1ni + asng + agns = 0.

1.2.3 Continued Fractions

Continued fractions can be used to approximate real numbers by rational numbers [5]. A
continued fraction of a given real number x can be constructed as follows: write z as x =
|z| + (z — |z]) := |z] + {z}. Now this can be written as z = |z] + W and so on.
{=} {=}
For example, the continued fraction for 7 starts with:
1 355
T4+ L 113

Here 3+ T L is usually denoted as [3,7,15,1]. Truncations of continued fractions are called
15+1

convergents. Let oo = [ag, a1, ...] and denote the n’th truncation as Z—: = [ag,a1,...,ay,], here

. . . 1 Pn 1
the ay are called partial quotients. Then it holds that —=7 < ‘a i = [5]. So

it is clear that these convergents approximate the real number very well and in particular if
the truncation is taken right before a relatively large partial quotient. A rational number is
called a best approximation to a real number if all rational numbers which approximate this
number closer have larger numerator and denominator. Furthermore, if an approximation
is a convergent of a real number, it is exactly a best approximation and vice versa. Let
y = /A, with A rational, with a good approximation %7 say o = /A +e. Then |e| < q%, SO




log(q" A)
log(pgO(q"~?))
An example; take y = /109, the continued fraction starts with [2,1,1,4,77733], so take

2,1,1,4] =2+ —— = 2. Tt follows that (%)5 =109+ &, so (a,b,c) = (2,310 .109,23°)
1

~ 1.

c=q"A—p" € O(¢"?) and therefore one may expect quality Q ~

14+ 95>
1+7

which has quality Q(a,b,c) ~ 1.62991. This is the record up to now, due to Eric Reyssat.
Here the quality is this high since miraculously the partial quotient is high and 9 is a square.

1.2.4 Linear Forms in Logarithms

Another way to generate abc-triples is via linear forms in logarithms [6]. Given a + b = ¢,

suppose that a is small compared to b and c. This implies that ¢ is close to zero. Write
T

T

1-— % = % with % = pri, then —% ~ log(%) = Zei log(p;) = A. The idea is that the
i=1 =1

pi’s are fixed but the e;’s not, so that A is a linear form in the variables e;, with log(p;) as

coefficients. Such a A is called a linear form in logarithms.

Now we can write:

1 e1 el
1 €r—1 a €r—1
Klog(p1) --- Klog(pr—1) Klog(p,) e, KA

The columns of the matrix form the basis of a lattice. Now if the abc-triple has a high quality,
there will be a lattice point with untypically small distance to the origin, for properly chosen
K.

In order to find this point, the LLL-algorithm is applied. In this LLL-reduced basis, the
vectors with short distances to the origin will appear, and linear combinations with small
coefficients are also close to the origin. The entries in this vector represent the coefficients in
A in terms of the original basis. Let (x1,x2,...,2,) be the shortest non-zero vector in the
LLL-reduced basis of I with respect to ||-||2. For r-dimensional lattices I, it holds in general

1
that d(I") := IZnin;éo [|[Tz|]2 ~ (det(T"))dm@ ~ (det(F))%, unless the lattice is “distorted”.
TxeEL",x

So one would expect |[(z1,x2,...,2r)|]2 = K+ and therefore also |x;| ~ Kr. Now define
a partition ¢ C {1,2,...,k} such that for every i € ( it holds that z; > 0 and for every
i€{1,2,...,7}\ ¢ it holds that x; < 0. Then we can write

) ) 1
K]og(p:flpgz .. pf’") = KlOg prl H pfz ~ K.
ie¢ ie{1,2,...,r}\¢

Then it holds that

B:=

i r—1
[ - II wosxs I »

1€C 1€{1,2,...,r}\¢ 1€{1,2,....,r}\¢




So for the quality Q(A, B, A — B) we may expect

K~ log H Di
log(B) N 1€{1,2,....,r}\¢

_r—1 - -
log(K~ "+ )+ B+ log (HPz) Kr log H pi| — % log(K) + log (sz>
i=1

i=1 i€{1,2,...,r}\¢

A
1

!
=

Q~

With (%) since K * is the dominant term.

For example, take p; = 3, po = 109, p3 = 23 and

1 0 0
I = 0 1 0
[Klog(p1)]  [Klog(p2)] [Klog(ps)]

After applying LLL for K = 620000 the reduced basis

. 10 29 218
'=1 1 =353 -31
-5 —16 437

remains. One would typically expect d(T") =~ (det(F))ﬁ@) ~ K3 ~ 85. In this case d(G) =
|(10,1, —=5)|2 ~ 11, which is significantly smaller. To construct the abc-triple, simply reverse
the process described earlier: A = 10log(3) + log(109) — 5log(23), it appears that 23° — 310 .
109 = 2 and so our abe-triple is (a,b, c) = (2,3 - 109, 23%) with Q ~ 1.62991.

1.2.5 Brute Force

There are several algorithms to find all abe-triples with a,b,¢ < N and @) > 1. One of these
algorithms, used in “Reken mee met ABC” (http://www.rekenmeemetabc.nl/ or http:
//www.abcathome. com/) is as follows; first of all, suppose that we have an abc-triple with
@ > 1, then it holds that r(abc) < ¢ < N. Sort a, b and ¢ by the size of their radical, such
that we have r(x) < r(y) < r(z). Then also r(zyz) = r(abc) < ¢ < N and r(y)? < r(y)r(z) <
r(z)r(y)r(z) < N = r(y) < VN and r(z) < % Now to find all abe-triples with a,b,c < N

r(y)
and ) > 1 the following steps are needed:

1. Find all radicals < v/N, these are the possible radicals for y

2. Find all numbers with these radicals, these are the possible numbers for y

3. For every radical r(y) find all radicals r < #, these are the possible radicals for x
4. Find all numbers with these radicals, these are the possible numbers for x

5. Define z; = [z —y| and zo =2 + y

6. For z = z; and z = z9, compute r(z) and check whether r(zyz) < max{z,y, z}



Here a “radical” is a number which has no powers in its prime decomposition. The first 5 steps
of this algorithm use only additions, multiplications and comparisons so are computationally
fast. The factorization in the last step is computationally slow, but the first steps ensure that
the amount of radicals to compute is kept minimal. So far, all triples up to N = 102 have
been checked.

2 p-adic numbers

The methods given in 1.2.3 and 1.2.4 can be generalized to the p-adic numbers [7]. In order
to make this plausible, first the p-adic numbers will be defined.

2.1 Definition

The real numbers can be defined as a completion of the rational numbers through convergent
sequences. In order to do this, convergence needs to be defined. We will use the Cauchy
criterion for this:

Definition 2.1 A sequence (ay,) is convergent if and only if for every € > 0 there exists a
number ng € N such that for all n,m > ng it holds that |a, — am| < €.

Note that the concept of convergence only depends on the absolute value. The idea of p-adic
numbers is based on defining a different absolute value. Before this is done, an absolute value
is formally defined:

Definition 2.2 An absolute value on Q is a function |- | : Q — Qi, which satisfies the
following conditions:

1. x| =0 2x=0
2. |eyl = |zlly| for all z,y € Q
3. |z +y| < |z|+ |y| for all z,y € Q.

Now to define the p-adic absolute value, we will first define the order of a number with respect
to a prime p.

Definition 2.3 The order with respect to a prime p of an integer n € Z\{0} or rational
number ¢ with a € Z,b € Z\{0} is:

e ordy(n) = k with k such that n = p*n’/, n’ € N and p { n/
e ord,(0) = oo

e ordy (%) = ordy(a) — ordy(b).

Note that this is well defined: ord,(%) is unique, because common divisors of a and b cancel
out. Note also that ord,(zy) = ord,(z) + ord,(y) holds for all z,y € Q (proof is obvious).



Definition 2.4 The p-adic absolute value is defined to be: |q|, = porde(@) ¢ e Q.

If this absolute value is to be used to complete the rational numbers, it must be checked that
it meets the requirements of an absolute value.

Theorem 2.5 The p-adic value is an absolute value on Q, i.e. satisfies Definition 2.2.
Proof:

e Take 2 = 0, then [0, = p~>° = 0. Next take |z|, = 0 then p~°"%(*) = 0 therefore
ord,(z) = oo and thus z = 0.

e Let 2,y € Q be given. |ay|, = p~o (@) = p=(ordp(@)Fordp(y)) — p—ordy(@)y—ordy(y) —

‘93|p‘y|p-

(i) .
o Let 2,y € Q be given. |z +y|, = p~ordr(@ty) < p=minfordp@)ordp (W)} = max{|a|,, |ylp} <
|zl + [ylp-
(i) First write z = pF2’ and y = p'y/, now without loss of generality assume k > .
Then (z +y) = p'(p* 2’ +¢) with p 1 (p*~'2’ +¢). Now it is easy to see that
ordy(z +y) > min{ord,(z), ord,(y)}.

The p-adic absolute value acts against the instinct, for example |1 = 4 and |4/, = 1. So in
fact, if the number is “more divisible” by p, the absolute value becomes smaller.

Now that we have a notion of convergence, it remains to show that this leads to a field essen-
tially larger than Q itself. To show this, we need to define completeness:

Definition 2.6 A field K is complete with respect to | - | if for every Cauchy sequence (x,)
of elements in K there is an L € K such that Ve > 0:3ng € N:Vn >ng: |z, — L| <e.

It follows that Q is not complete with respect to the normal absolute value, take for example
the sequence x1 := 1 and z, 1 1= 3 + i This forms a Cauchy sequence of rational num-

bers and it converges to an irrational number, namely /2. Now adding all limits of Cauchy
sequences to Q we get R. The same can be done with respect to the p-adic absolute value.
Theorem 2.7 Q is not complete with respect to | - |

Before we prove this, first the following lemmas are given:

Lemma 2.8 If 23 =3 mod 2" then either 3 =3 mod 2" or (z, +2")2 =3 mod 2"*!
(n>1).

Proof: Let 2} = 3 mod 2" be given, so 2} = 3 + 2"k. Now if k is even, it holds that
3
n

23 =3+2" so 22 =3 mod 2"TL. If k is odd then (x, +2")3 = 23" + 32,2%" + 32227 + 27
mod 2"t = 27(322 + k) +3 mod 2" =3 mod 2", since both x,, and k are odd.

10



Lemma 2.9 A sequence (xy,) of rational numbers is a Cauchy sequence with respect to | - |
if and only if lim |z, —zplp, = 0.
n—oo

Proof: If m = n+k > n, then |z, — 2n|p = |Tntk — Tnth—1 + Tntr—1 — Tptk—2+ -+ Tnt1 —
xn‘p < maz{|Tpp — $n+k—1’pa |Tpth—1 — xn+k72|p7 R wn’p}-

Lemma 2.10 Given 22 = a mod p™*!, it is always possible to find an x, 1 such that T, =

2 _
zn, mod p"*! and 22, = a mod p"t2.
Proof: Let z, be given. Take k such that 22 + 2kp"*! = @ mod p"*2. Such a k exists,
since z2 = @ mod p"*!. It then holds that z,41 = 2, mod p"*! and 22| = 22 + 2kp" ! +
kp* D) mod p"t? = 22 + 2kp™*t! mod p"*t? = a mod pnt2.

Now we are ready to prove Theorem 2.7:

Proof: The proof is given in two distinct cases, first for p = 2 and then for p # 2.

Let p = 2, we will construct a Cauchy sequence that tends to /3. In order to do this,
we will construct a sequence (,,) which satisfies 27 = 3 mod 2". Take 29 = 1 and apply
Lemma 2.8 to inductively define z,. In order for this sequence to be a Cauchy sequence
tending to +/3, it must hold that |z,41 — |2 — 0 (Lemma 2.9) and |2} — 3|o — 0. Now be-
cause of the way the sequence is constructed, we either have x,41 = x,, or xp41 = x, + 2", s0
|Zn41—Tnl2 < gar — 0. Furthermore since 23 = 3 mod 2" we know that |23 —3J < 5 — 0.
And this completes the proof for the case p = 2.

Let p # 2, again we will construct a Cauchy sequence, but this time with a more general
limit not in Q. Take some a € Z such that a is not a square in Q, p{ a and a is a quadratic
residue modulo p. Now choose zg to be a solution to $(2) = a mod p and choose x,, to satisfy
Tpy1 = T, mod p"t! and x%H = ¢ mod p"*2. By Lemma 2.10 x,,1 exists. Now again
we must show that |v,41 — Znlp, — 0 and |72 — al, — 0. By construction it holds that
|Tp1 — xplp < ﬁ — 0 and |22 —al, < ]ﬁ — 0. This completes the proof.

Now that we know that QQ is not complete with respect to the p-adic absolute value, we can
make a completion. To do this, we will add the limits of all Cauchy sequences to Q. We could
define these limits first, but this can be avoided by just adding the sequence itself, including
the limit.

Definition 2.11 Let C, denote all Cauchy sequences with respect to | - |, in Q.
It follows that C, has a commutative ring structure if the sum and product are defined as
(n) + (Yn) = (xn + yn) and (zp)(yn) = (Tnyn) respectively. Unfortunately, C, is not a field,

since it has zero divisors. Also, C, can contain different sequences which should have the same
limit. These sequences can be identified by taking a quotient of C,.

Definition 2.12 Take N, C C, as the ideal of sequences that tend to zero:
Ny = {(zn)|Ve > 0:3ng €N:Vn > ng : x|, < e}

11



This ideal forms a maximal ideal of Cy:
Theorem 2.13 N, is a mazimal ideal of Cp.

Proof: First let I be the ideal generated by (z,,) ¢ N, and N,. If N, is maximal, I
must contain all of C,. To show this, it suffices to show that I contains the unit element
u, = {1,1,1,...}. Since (z,) is Cauchy, there exist », N > 0 such that for n > N it holds

that |z,|, > r > 0. Now define a sequence (y,) by y, =0 for n < N and y,, = ﬁ ifn> N.
2n1+1 - ﬁ’p -
‘T;:j;ﬁ*dp < |m”+;2_m"|” — 0. It follows that u,, — (x)(yn) € Ny, but then the unit element
can be written as a multiple of (x,,) and an element in A, and thus is in 7. Thus we conclude

that A, is maximal.

This forms a Cauchy sequence, since for n > N it holds that |yn+1 — ynlp = |

Since N, is a maximal ideal of C,, it is now possible to define the field of p-adic numbers,
namely as follows:

Definition 2.14 Define the field of p-adic numbers as Q, = Cp/Np.

By Ostrowski’s Theorem (presented below without a proof) there exists no other nontrivial
completion of the rational numbers, other than the p-adic numbers and the real numbers.

Theorem 2.15 (Ostrowski) Every non-trivial absolute value on Q is equivalent to one of the
absolute values | - |,, where either p is prime or p = 0.

2.2 Representation of p-adic numbers

Now that Q, is formally defined, it is useful to define a representation for p-adic numbers.
The p-adic expansion of a positive integer is the same as the representation in base p. For
example, 37 =2-504+2.5 4+ 1.52 2 221. This can be generalized to positive rationals in an
intuitive manner. Given ¢, write both a and b in powers of p and divide formally. In essence,
for every p one can write any positive rational number as Z anp”, where ng € 7Z is such that
n>ng
7= p"o‘;—,/, with p { a’b’. The corresponding p-adic representation is 3 £ (ngng+1 - - .. 1f the
p-adic representation of x is given, one can find the representation of —x by using that the two
must add up to zero. For example, —37 5 39344444 .. ., since .221+.3234444 . .. 5 000000 ...
This can also be seen by writing 3+2-5+3-52 44 551> =88+ 4, .53 =88 — 125 = —37.
An example of a number which is in Q5 but not in Q is v/—1. The p-adic representation
oo
can be found by solving v/—1 = Zak5k. In this example, we have /=1 = ag mod 5, so
k=0
a%z —1 mod 5 =4 mod 5 < ag =2 or 3. Now we know either /—1 = 2+ a; -5 mod 52
or vV/—1=3+4+a;-5 mod5? 50 (24+a;-5)2?=—1 mod52 < a; =1or (3+a;-5)? =

12



(o]
—1 mod 5% < a; = 3, etcetera. So in general, we can write Qp = {a = Z anp™lan, €

n=ng

{0,1,...,p—1},n9 = ord,(c)}.

2.3 Finding abc-triples via p-adic numbers

As stated before, the methods given in 1.2.3 and 1.2.4 also work for p-adic numbers. In this
section the p-adic version of these methods will be discussed briefly.

2.3.1 Approximation of p-adic Numbers

The method of continued fractions is based on approximations of real numbers by rational
numbers. If a p-adic version of this method is to be given, approximation of p-adic numbers [3]

o) m—1
must be defined first. Let p be prime and let a € Q,. Write av = Z a;p' and oy, = Z a;p’,
i=k 1=k

form e Z, a; € {0,1,...,p—1} and k = ord,(«).
Definition 2.16 The ordered pair of rational integers (z,vy) is called a p-adic approzimation

to a of order m if |x — yal, = p~™. The set I', = {(x,y) € Z? : |z — yal, < p~™} is called
the mth approximation lattice of a.

With this definition, the following holds:
Lemma 2.17 {(p™,0), (qm, 1)} is a basis for T'p,.

Proof: In other words, to be proven is that:

(i) (p™,0) €T, and (ayy, 1) € Ty
(ii) For every 3,7 € Z it holds that B(p™,0) + v(am,1) =0=F=~v=0
(i) = € T, = there exist 8,y € Z such that z = 8(p™,0) + v(am, 1)
(i) and (ii) are trivial, for (iii): Let x € T';,,, and write @ = (x1,22) € Z2. Then |21 — 220, <

p~ ™, 80 1 = xox mod P = woay, mod p" & 11 = xoqu, + kp™, for k € Z. This implies
that x = (zeu, + kp™, x2) & v =z, = k.

This lattice can be reduced with respect to a convex norm ® by the following algorithm (which
is a variant of the Euclidian algorithm):

Algorithm 2.18 Let {(x,y),(z,u)} be a basis of A.

(i) Compute the minimal k € Z for which ®(z + kz,y + ku) is minimal. Put (z,y) :=
(x + kz,y + ku).
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(ii) If ®(x,y) < ®(z,u) then interchange (x,y) and (z,u), and go to (i); else stop.

So in order to find abc-triples, choose o € Q, and m € N. Then construct the mth order p-
adic approximation lattice and reduce with the algorithm. For an mth approximation lattice
'y, it holds for (z,y) € Ty, that |z —yal, <p™™, s0 x —ya =0 mod p™. Now it is easy to
find a l € Z such that x = [p™ + ya.

If one chooses & = ¥k then one may expect a quality of Q ~ 1. This because one may expect
that d(T'),) ~ det(Fm)m =p2,s0 |z —yal, <p " =z —yVk =0 mod p" & 2" =

. . "3ty (x) mny
ky™ + £p™, which forms our a 4+ b = ¢, has quality Q) = loéz)f(fgc)) ~ llc?;((wpykT{p)) ~ @ IZEEg =1

With (%) because |z| ~ |y| ~ p? and |Ep™| &~ pT & €] ~ pE ™,

For example in Qs, take o = v/2. Then « 3 21200000001 . . . (a miracle), so with m = 10 it
follows that {(p™,0), (aum, 1)} is a basis of I',,. Now oy, = 23, so (23, 1) yields |23 — v/2|3 <
3719, This implies 23° = 2 mod 3'°, so 23° — 2 = k39 which leads to the abc-triple
(a,b,c) = (2,3%0109,235).

2.3.2 Linear Forms in p-adic Logarithms

To use linear forms in logarithms, first the p-adic logarithm must be defined [7, Chapter 4.3].
Without worrying about convergence, define the p-adic logarithm as follows:

o0
Definition 2.19 log,(1 — z) Z
k=1

?r\b—‘

The p-adic logarithm converges on the open ball B(1,1) and the properties logp(ab) =

log,(a) + log,(b), log,(a™) = nlog,(a) for n € Ny and a = b & ¢ = 1125‘”(()) hold. But

there are subtleties, for roots of unity the p-adic logarithm is 0. Q, contains exactly p — 1
(p — 1)-roots of unity and no others for p odd. So in @, log,(a) = log,(b) = a = b no longer

holds, but log,(a) = log,(b) = a = bu with u a (p — 1)th root of unity.

Now the method in p-adics [6] is as follows. Let a —|— b = ¢ and suppose that c—a=0=10

k
mod p™. Then g ~log, ¢ =0 mod p™, write ¢ = Hpel so that b = Zei log,(p;). Define

c
1=1

. o log,(p:) m
fori=1,...,k—1: Gi—log:(pk) mod p™.

Now I = {(1,0,...,0,6,),(0,1,0,...,0,602),...,(0,...,0,1,0,_1),(0,...,0,p™)} forms the
k—1
basis of a lattice by Lemma 2.17. It holds for = € T that |z — szﬁi]p < p~ ™ and there-

=1
k—1

fore zj — Z%’Q‘ =0 mod p™. This implies sz log,, (pi) =0 mod p™ and so prl =1
=1 =1
mod p™. Now there exists a partition ( C {1,...,k} such that for every i € ( it holds that

x; > 0and for every i € {1,...,k}\( it holds that z; < 0. Then pr’ = H Pt +Lp™,
ieC i€{1,....k}\¢
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which forms our abc-triple.

e 11 7|
~ <. Now

max
With such an abe-triple, it holds that r(abe) ~ | < LC T

the quality may expected to be @ ~ % ~ 1.

As example, consider § = lfoggg’s(é?’)) mod 37 £ 2012101 mod 37. Now {(1,0),(0,37)} forms the
basis of a lattice. The LLL-reduction algorithm returns a reduced basis {(5, 1), (—82,421)}.
It follows that 1 = 51;’0?3((223)) mod 37, so 1 -logg(2) = 5 -log3(23) mod 3%, and therefore
2 =23% + k- 3% for k € Z. This gives the abec-triple 2 + 310109 = 235,
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3 Discussion of methods

All methods obviously have advantages and disadvantages. Some properties are given in the

following table:

Method

Table 1: Properties of given methods

Expected Quality

Advantages

Disadvantages

Jaap Top

Q=1

Avoids large prime fac-
tors

Primes and powers
fixed, loops over v3N
combinations (N = c)

Lattice Basis Re-
duction

Avoids large prime fac-
tors, can generate sev-
eral triples for one basis
reduction

Primes and powers fixed

Continued Frac- | Q ~ 1fora = Vk | Works fast No expected results, ex-
tions cept when strategies for
certain numbers to ap-
proximate are used
Linear Forms in | Q =1 Several prime factors | Primes are fixed, only
Logarithms can be chosen, powers | one term can have other
are not fixed factor, only works when
a is small
Brute Force Q= % Every triple will be | Time consuming
found
p-adic Continued | @ =~ 1 Works fast No expected results, ex-
Fractions cept when strategies for
certain numbers to ap-
proximate are used
p-adic Linear | Q =~ 1 Several prime factors | Primes are fixed, only
Forms in Loga- can be chosen, powers | one term can have other
rithms are not fixed factor, only works when

la|, is small

There are several aspects on which methods can be compared, for instance the triples which
are found, the expected quality and the computation time needed. When comparing only the
triples that can be found by the methods, it is safe to state that no method finds triples that
other methods could not find. If one knows the abc-triple, for every method it is possible to
choose the variables in such a way that it will find this triple, but perhaps not efficiently.

Since the expected quality for all methods is QQ =~ 1 with the exception of brute force and
continued fractions without number strategies, they do not significantly differ on this aspect.
So the computation time needed remains. For Jaap Top’s method, the time needed to find
an abe-triple for a set of coprime ny,ng,n3 of size N will be O(v/N), since it will make at
most /N comparisons. The Lattice Basis Reduction will find an abe-triple for a set of co-
prime n1,n9,n3 of size N in O(n®log®(N)) since the LLL-reduction algorithm will find a
reduced basis in O(n®log3(N)) time [4], here n is the dimension of the lattice. Furthermore,
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the Lattice Basis Reduction method may find more abc-triples for one set of ni,ne,ns since
it loops over linear combinations of vectors in the reduced basis. For Continued Fractions
it is harder to state the computation time for an abc-triple, since it is not clear from the
choice of the number which convergent should be chosen. According to [2] it is not relevant
in general if the continued fraction is truncated before a large a; or even if a convergent with
large denominator is chosen. The Linear Forms in Logarithms method will find abc-triples in
O(nlog3(N)) time, where N = max p; since it also uses LLL.

4 The n-conjecture

The abc-conjecture has been generalized by Browkin-Brzezinski in [2] to the n-conjecture as
follows:
Let a1,a9,...,a, € Zn > 3, satisfy:

(i) ged(ar,ag,...,a,) =1
(ii) apr+as+---+a, =0

(iii) no proper subsum of (i7) is equal to 0.

B 1<i<n
~ log(r(ar-az---an

log ( max (|al])>
Define Qn (a1, az,...,an)

7) as the quality of such a1, ..., a,.

Conjecture 4.1 The n-conjecture states that, for given n > 3, limsup{@,} = 2n — 5.

In order to find such ay,...,ay,, the method given in 1.2.2 can be generalized.

4.1 Lattice Basis Reduction for the n-conjecture

Let ny,ng,...,n, =& N with r(ny - ng---n,) = P. Define 0; = —ninfjl mod n,, ¥; =
—7”#2:‘191' and u = aT‘l_alel_n'r“_a’“‘Qe’“‘Q fori=1,2,...,7 — 2. Now take
1 0 .- 0
=10 1 0
01 -+ O Ny

Y1 - Y9 e

as (r — 1)-dimensional lattice in Z. It holds that

ai ai
I =
Qr—2 Ar—1
U ay

17



Reduce I' with LLL and loop over a,...,a,_2,u to find a1, ..., a, that satisfy the conditions
in the n-conjecture. Note that this method will work with only the demand ged(n,,n,—1) = 1,
other pairs may have larger common divisors.

Again one may expect d(T") ~ Nrfll, so |a;| &~ N1, Now r(ay-ni-ag-ng - ap-ng) & N—ip
L log(N
Vo
This result gives reason to expect that the bound in the n-conjecture can be tightened under

some demands. For the case of the n = 4 we will look further into this.

~ 1.

1 T
and a; -m; ~ N1t = N1, so for the quality one may expect Q),, ~

4.2 The 4-conjecture

In particular the 4-conjecture, or abed-conjecture, states that limsup{@Q4} = 3. One can find
abed satisfying the conditions straight from abe-triples, because if a + b = ¢ with Q(a,b,¢) =
qo then a® + 3abc + b® = ¢ with Q(a3,3abc,b®,c?) ~ 3qy [2]. But with this method it
is not necessary that the greatest common divider for every pair equals 1, for instance in
2.7-11245-11-13 =2-3-5-53+32-7-13. If one adds the demand that the pairwise greatest
common divider equals 1, perhaps the bound can be tightened such that limsup{Q4} = 1.
The bound of 1 is proposed because of the argument given in 4.1. In order to strengthen this
proposition, examples are generated.

4.2.1 abcd-examples without extra gcd demands

The conditions proposed by Browkin-Brzezinski for the abcd-conjecture are as follows:
Let a,b, c,d € Z satisfy:

(i) ged(a,b,c,d) =1
(i) a+b+c+d=0
(ili) (a+b)(a+c)la+d)(b+c)(c+d)#0

Without loss of generality, assume d > a, b, c. The abed-conjecture states that lim sup{Q4(a,b,c,d)} =

log(d) _3

limsup | Ger@red)

Application of the method given in 4.1 results in the following abcd-examples:

Table 2: abcd-examples with ged(a, b, c,d) =1

1. 4.49948 222 413.57 = 3ll.52422

2. 4.34929 215.34 455 = 312.54 27

3. 4.28368 22.312 = 24433 5745

4. 4.2797 221 = 3114 910.3.54 15
5. 4.02628 3ll.541 = 215.3%3423.53

6. 3.99316 218 .35.52 4 710 — 96 .3.510 4 72

7. 3.7938 317 .545%.72 = 213.32 494 .79

8. 3.78752 58 4+25.3% = 217.34

9. 3.78558 58 = 210.3.53 1 38 4 96
10.  3.78558 58 +23.52 = 212.34 4310

11.  3.67888 36 = 29423.3% 4

12.  3.64435 77 + 32 214 .72 4 98 .34

13.  3.64435 77 4 34 210 .73 4 93 . 310

14.  3.63982 26311 .52 4 72 29.3.5% 4 710

15. 3.62521 221 .53 4 32 23 .38 .73 4 512

16.  3.55308 3l 15 214 .34 210 .53

17.  3.55308 217 4 210 .32 .5 3l 15

18.  3.53146 236 .11 33.512.7428.32.710 4 52,
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19.  3.53045 3%.524+1 = 25.3%42.57

20. 3.51618 2.57 = 36427.35.541

21.  3.51618 2.57 = 2.374+35.5%41

22,  3.51618 2.57 = 310 49%.35.52 1
23.  3.49212 316 1 96 .35.54. 172 = 9225 .5.71741

24.  3.48168 3342.3% = 2941

25.  3.48168 34 424.3% = 2941

26.  3.46452 35.52423.56 = 21743

27.  3.45992 218 1 32.75 = 310.74 96

28.  3.39881 27.52 4313.72 = 23.510 433

29.  3.39881 28.510 = 2.364313.72 1 5.73
30.  3.39242 27.310 1 5107 = 923 .32 1 52 .75

31.  3.38496 25.55 432 = 213.54310

32.  3.32531 34,73 426,77 = 33.59425.5

33.  3.32531 210.33 4 9677 = 33.59 452

34.  3.30796 212.32.5%4 423 .3M . 54112 = 118

35.  3.27619 23.3.75. 113 411 = 229 435.72

36.  3.26105 216 13.52 = 2.3%.541

37.  3.24677 22.56 45 = 27.33 4310

38.  3.23005 226.32.112 +5%.7. 115 = 321.7422.52

39.  3.22302 29 118 42.34.73 474115 = 318

40.  3.21942 21611435 = 28.37 411

41.  3.21077 o1l .33 192 = 37.52 454

42, 3.20616 215,52 41547 = 774295

43.  3.20616 215 .52 4 25.53 473 = 77

44.  3.19545 212.32 156 = 23.3% 1

45.  3.19459 36.564+2.32. 7741 = 220.52

46.  3.18814 211,52 41 = 26.32 434 .54

47.  3.17192 318 152 = 213.1742.36.50.17
48.  3.16261 315.54+27.115 = 223.11433%.5°

49.  3.15333 220 .53 1 25.312 113 = 36.50.13

50.  3.13739 212 4 2.313.52 = 32.5.11641

51.  3.13577 22.3M yo.5%.7 = 58.7241

52.  3.13577 22.37422.34 41 = 5%.72

53.  3.13577 58.72 429 = 22.314433.73

54.  3.13577 58.72 = 22.31" 45%.742.37
55.  3.13573 2.37.5%. 741 = 22.3"%45%.7

56.  3.13168 22 .513.7 = 2.36.53 4710912 4 112
57.  3.12475 2.310 = 7649674

58.  3.12475 2.310 = 32.72 476 493

59.  3.12475 29476 = 2.310432.7

60.  3.10163 223 1 27 .310 - 36.55.745

61.  3.09635 3.52.77 41110 = 21 .33 .7492.510.113
62.  3.09482 28 = 22.343%41

63.  3.09482 24435 = 2843

64.  3.09482 35432422 = 28

65.  3.08798 2.32.77 = 216.32.52 157 472
66.  3.08189 315 = 2l4.53.74 93 .53 43572
67. 3.06118 218.72 132 .54 = 23.311.5478

68.  3.05726 38.5 = 215 4922.32 4

69.  3.05726 38.54+43 = 215423%.5

70.  3.05726 38.5 = 215452 4192.3

71.  3.05726 215 432.5 = 3%.5423

72.  3.04899 224.3.73 432,51 424 . 117 = 5°.78

73.  3.04582 2%.3.59 +52. 11 = 2224316

74.  3.03795 53.74+33.52.75 = 213 4 26.311

75.  3.01497 22%.3.52.11+42%°.3.5%.741 = 712

76.  3.01497 224.3.52.1143%4+27.5.112 = 712

77.  3.0103 5242%.53 = 2104

78.  3.0103 54 +24.52 = 2104

79.  3.00992 510 422.5.7 = 22.31043%4.76

80.  3.00992 510 = 2l7.5.7 4314427 .32.73
81.  3.00839 228 .72 13.56.11 = 28.72 43%3.52.117
82.  3.00607 225 .5.7. 11430 423115 = 33.510.72

83.  3.00131 23.3%.77.192 47 = 2.319.52 4514

These examples were generated by B.M.M. de Weger.

These results indeed show that there are examples with Q4 > 3, and therefore support that
limsup{@4} = 3, but note that in each example there is a pair for which the ged is strictly
greater than 1.
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4.2.2 abcd-examples with extra gcd conditions

If the condition is added that every pairwise gcd = 1, the conditions are as follows:
Let a,b, c,d € Z satisfy:
(i) ged(a,b) = ged(a, ¢) = ged(a,d) = ged(b, ¢) = ged(b, d) = ged(e,d) =1
(i) a+b+c+d=0
Without loss of generality, assume d > a,b,c. The abcd-conjecture with pairwise ged = 1
states that lim sup{Q4(a,b, c,d)} = limsup % =1.

Application of the method given in 4.1 results in the following abcd-examples:

Table 3: abcd-examples with ged(a, b) = ged(a,c¢) = ... =gecd(e,d) =1 and Q > 1.3
1. 1.60791 316 473 1134 = 5%.418
2. 1.47837 5310 = 3.512.6329 4 111% 4 7.299 . 412
3. 1.46744 721110 4133 = 316.711801 +5'7
4. 1.45713 320 4 518 = 923%.47472.29%.131
5. 1.41832 710 191t = 3.11%.53.547+45.13'2
6. 1.37733 117 +41 = 58 433.20%
7. 1.37471 190 4414 .59 = 5.13'2429.197
8. 1.36004 320 4 55.418 = 137.59+423
9. 1.3541 331114 7.307+13* .67 = 319.257
10.  1.3524 318 +372.712 = 317.134+119.102
11.  1.34834 319.52.974+31* = 7!3.2904110.173
12.  1.34807 38— 55474115 4193 107
13.  1.3394 313 .101 4191 +7.672.181 = 5132
14.  1.33849 135 +17% .19 = 36 4510.47
15.  1.33819 139174233 = 11%8.292 4 3% . 532
16.  1.33721 321.5% . 134179 = 297.239+411%.316
17. 1.33459 197 . 2411 4593 = 319.432 4 514
18.  1.3323 59.232 = 35.116 4296 4 534
19.  1.32579 19M 4414 .233 = 5.132 4 7.17%.292
20.  1.32446 3%3.179 = 5054 76.71.734+1310.23
21.  1.32218 314 173 +5.1312 = 115.6173 + 1911
22, 1.32217 59° = 33 4510.7347%.112
23.  1.32153 511 4+ 433 = 76.192 4 23°
24.  1.31769 1713 . 197 +5%2 .292 .67 = 336.134312.1931
25.  1.31716 510,133 477 + 299 = 118.67777
26.  1.3148 19" + 313 .5647 = 39.7.1145.13'2
27. 1.31384 116 4192 +29%.347 = 36.510
28.  1.30996 72.17° = 33.11% 4137 4 19°
29.  1.30738 329 41 29%.312.5945.377 = 7'1.112.172
30.  1.30732 23.617.659 = 1116 4 5.13% +41%.211
31.  1.30667 3%.178 = 5'1.7974710.232 134
32.  1.30588 54.716 .41 4377 = 117 .2857 4+ 31'0.1039
33.  1.30497 311118 4517 = 53*.3112 + 73 .67
34.  1.30259 311 .52 . 74114 + 418 = 197 .8933

For complete Table see Appendix C.1. These examples were generated with the Mathematica notebook given in Appendix B.1 with as
50 log(2)

Tog(p) and linear combinations of the reduced lattice base

primebase all subsets of length 4 of the first 20 primes, with powers up to

vectors with coefficients up to 2.

These results make it more plausible that indeed with the extra ged demands limsup{Q4} = 1.
Perhaps it can be stated that in the general case limsup{@Q4} = 1, with the exception of some
special cases, for instance when a® + 3abc 4+ b3 = ¢3. In this case there would be certain

patterns in the abed-examples with Q4 > 3.

4.3 Patterns in the abcd-examples

As noted before, one can construct abed-examples by using abe-triples with a®+ b3 +3abc = ¢3.

In general, Table 2 consists of the forms:
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(i) P (P2 + P's) = PM(P2 + PY) with (either ged(Py, Py) # 1 or ged(Py, P3) # 1)
and (either ged(Py, Ps) # 1 or ged(Py, Ps) # 1) and ged(Py, Py) =1

(ii) PlA1 + P2AQ(P§43 + Pf“) = +1 with ged(P;, P;) = 1 and (either ged(Ps, P3) # 1 or
ng(P27P4) 7é 1

(iii) P + P2 + PP pie = P with ged(Py, Py) = ged(Py, P3) = ged(Py, P3) = 1

Here PiAi represents pi'ps?...pSr for some primes pi,...,p, and some ay,...,a, € N. Also
interesting about Table 2 is that every tuple contains two’s, which is not necessary. Since
a+ b+ c+ d =0, one expects either zero or two two’s. Obviously with the pairwise ged =1
demand no two’s occur, but it is not clear why this does not occur with the general ged =1
demand and @ > 3.

In Table 3 there are 6 cases in which 5-13'2 and 19'! occur. In the full list of 25857 examples,
this occurs 568 times.

4.4 Polynomial Identities

According to [8], Granville conjectures that every counterexample to the conjecture lim sup{Q4} =
1 comes from at most finitely many polynomial families. As example the polynomial identity
(x+1)°—(x—1)° = 10(z%+1)? -8 is given. Indeed, in this polynomial the terms are relatively
prime, except for the last two. This is in agreement with the conjecture that limsup{@Q4} =1
holds for pairwise relatively prime terms. If one takes z = 11¥ — 1, the polynomial gives abcd-
examples with an expected quality Q ~ g The conjecture lim sup{@Q4} = 1 can be formulated
as: for each £ > 0 only for a finite number of cases we have r(abed)'*¢ < max{|al,|bl, |c|, |d|}.
In this case Granville also states that the amount of polynomial families grows to infinity if
¢ shrinks to 0.

This can be seen by looking at a general case for polynomials such as (z + 1)° — (z — 1)° =
10(z% +1)? — 8; consider (z +1)*" T — (z —1)?™T! = 2(2m +1)(2? + 22%-1)™ 4+ O (2™ ~*) for
m =2 mod 3. These polynomials give an expected quality @ ~ "5 if one takes x = pF—1
for p some prime. Indeed, as ¢ shrinks to zero, larger m may be taken.

Darmon and Granville [9] give more polynomial identities which form exceptions:

e 2= (1+6t3)3+ (1-6t)3 — (6t2)% with ged > 2 and Q ~

9

8
o (I"J“y”) (790";3’")4 +yt =2.7" where <7zn+y§‘/?’) (
Q=1

) with ged > 2 and

5 Open Problems

These results all suggest that the abcd-conjecture is as stated in 4.2.2. Furthermore, there
are several open problems, some of which are summarized below:
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1. Why does every generated abcd-example with @ > 3 contain two 2’s?

2. Does a pattern exist within the abcd(e)-examples with total ged = 1 which explains
their high quality?

3. Do other polynomials exist besides a®+b% +3abc = ¢ that generate abcd-examples with
Q> 37

4. Why do more than 2 percent of the abcd-examples with pairwise gcd = 1 contain 5- 1312
and 19117

5. Do more experiments, with e.g. other “base” and more primes together in one term

In general, we can conjecture the following:

5.1 Strong n-conjecture
Let ay,a9,...,a, € Zn > 3, satisfy:
(i) a1,as,...,a, are pairwise coprime
(i) a1 +az+---+a, =0
(iii) no proper subsum of (i7) is equal to 0.

log <lr£ia§>gl(lai!)>

Define Qn(a1,az,...,an) = log (7(ay - ag - - - an

7) as the quality of such ay,...,ay.

Conjecture 5.1 The strong n-conjecture states that, for given n > 3, limsup{@,} = 1.
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A LLL-reduction Algorithm

The LLL Algorithm [4] takes as input a lattice basis {b1,...,b,} and outputs an LLL-reduced

basis {b~1, cee b~n} for the same lattice. It is based on the Gram-Schmidt orthogonalization
i—1
by . .
process, which inductively defines b = b; — g ,uijb;-, Mij = %. LLL extends this algorithm
7
=1

such that the following holds:

Definition A.1 A basis {b1,...,bn} for a lattice is called LLL-reduced if |p;j| < § for 1 <
§<i<mn and |b; + pi_1bi—1)?> > ylbi_1|? for 1 <i < n, withy € (%, 1).

This implies certain useful properties, such as the following:

Proposition A.2 Let by,...,b, be a reduced basis for L and V), ... b, be defined as above.
Then |bj|* < 2i7Lbl|2 for 1 < j <i<n,

Proposition A.3 Let L be a lattice with reduced basis by, ..., by, then |bi]?> < 2"t z|? for
everyx € L, x # 0,

and

Proposition A.4 Let L be a lattice with reduced basis by, ...,by,, and x1,...,xs € L linearly
independent. Then |bj|* < 2" maz|z1)?, ..., |x|? for j=1,...¢.

This implies that if A1, ...\, denote the successive minima of | -|? on L, then 2!7¢); < |b;|? <
2n=1)\; for 1 <14 < n, so |b;|? is a good approximation of ;.

The algorithm is as follows, where B; = [bj]*:
b, = b;;
L (i)

P = 7B 0 bfor j=1,2,...,0— 1

b := bj — pijb;
(1) perform (*) for [ =k — 1;
if By < (2 —p2,_1)Bk_1,g0 to (2);
perform (*) forl=k—-2,k—3,...,1;
if kK = n, terminate;
k=k+1;
go to (1);

By By_1B

(2) = pirk—1; B := B 4 p?B—1; pigh—1 := pr—g~; B := =25~ By_y == B;

<bk_1> — < b >

bk ’ bkfl ’

<Mkz—1j> — ( Hk ) for j =1,2,...,k—2;
Mk Hk—15

(Nz’k—l) . (1 ukk—l) (0 1 ) (“ik—1> fori=k+1,k+2,...,n;

if k> 2, then k:=k —1;

fori=1,2,...,n; k:=2;
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go to (1);

(*) If [pu| > %, then:
r := integer nearest to ux; by 1= by — rby;
Mg = prj — Ty for j=1,2,... 1 —1;
Mkl 2= [l — T

B Mathematica Notebooks

Below the notebooks which are used to generate abed(e)-examples with pairwise ged equal to
1 are given. It is trivial how to adapt these notebooks to the case of a total ged so these are
not given.

B.1 abcd

qu[x_-] :=
Log [Max[Abs[x]]] /
Log|[Times @@ FactorInteger [Times @@ Abs[x]|][[All, 1]]];
doks4 [base_, pri., stopl_, stop2.] :=
Module[{st , abssols, sols, t1, il, i2, i3, i4, n, thetal, theta2,
psil, psi2, m, mr, x1, x2, x, ex, q, sv, t2},
st = Floor[stopl Log[2]/Log[pri]];
abssols = {};
sols = {};
t1 = TimeUsed [];

For[il = 1, il <= st [[1]], il4+,
For[i2 = 1, i2 <= st [[2]], i24+,
For[i3 = 1, i3 <= st [[3]], i34+,

For[id = 1, i4 <= st [[4]], id++,
n = base pri {il,i2,i3,i4,i5};
thetal = Mod[—n [[1]] PowerMod[n[[—2]], —1, n
theta2 = Mod[—n [[2]] PowerMod[n[[ —2]],

psil = —(( n[[1]] + n[[-2]] thetal)/ni[—1]]);

psi2 = — ((n([2]] + nl[-2]] theta2)/n[[-1]]);

Append [IdentityMatrix [Length[n] — 1], {psil, psi2, —n[[—2]]}];

m[[ —2]] = {thetal, theta2, n[[—1]]};
mr = Transpose|LatticeReduce [ Transpose [m]]];

For[xl = 0, x1 <= stop2, xl++,

For[x2 = If[xl == 0, 0, —stop2], x2 <= stop2, x2+4+4,

For[x3 = If[xl == 0 && x2 == 0, 1, —stop2], x3 <= stop2,
x3++,

x = {x1, x2, x3};

ex = (mr.x) n;

GCD| ex |

1]
1] 1
1] = 1 &
1] 1 &&
1=
11 4 ex[[2]]) (ex[[1]] +
ex [[3]]) (ex[[1]] + ex[[4]]) != 0, g = N[qu[ex]];
If[q > 1, sv = {Sort[Abs[ex]], q};
If[! MemberQ[abssols, sv], abssols = Append[abssols, sv];
sols = Append[sols, {ex, a}]]]]]]1]]1];
t2 = TimeUsed[] — t1;
Print ["doks4 [”, pri, ”]:.7, i1, ?/”, st [[1]], ".", t2,
?_sec.,-aantal_opl:.”, Length[sols]];];
Return[Sort[sols , #1[[2]] > #2[[2]] &]]];

H
(0]
b
oI

B.2 abcde

qu[x-] =
Log [Max[Abs[x]]] /
Log[Times @@ FactorInteger [Times @@ Abs[x]|][[All, 1]]];
doksb [base_, pri-, stopl_, stop2.] :=
Module[{st , abssols, sols, t1, il, i2, i3, i4, i5, n, thetal,
theta2 , theta3, psil, psi2, psi3, m, mr, x1, x2, x3, x4, x, ex, q,
sv, t2},
st = Floor[stopl Log[2]/Log|[pri]];
abssols = {};
sols = {};
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tl = TimeUsed [];

For[il = 1, il <= st [[1]], il4+,
For[i2 = 1, i2 <= st [[2]], i2+4+,
For[i3 = 1, i3 <= st [[3]], i34+,

For[i4 = 1, i4 <= st [[4]], i4++,
For[i5 = 1, i5 <= st [[5]],

C

C.1

i5++,

n = base pri“{il,i2,i3,i4,i5 };

thetal = Mod[—n[[1]] PowerMod[n[[—2]], —1, n[[—1]]], n[[—1]]];
theta2 = Mod[—n[[2]] PowerMod[n[[—2]], —1, n[[—1]]], n[[—1]]];
theta3 = Mod[—n [[3]] PowerMod[n[[—2]], —1, n[[—1]]], n[[—1]]];
psil = —(( n[[1]] + n[[—2]] thetal)/n|[—1]]);
psi2 = — ((n[[2]] + n[[—2]] theta2)/n[[—1]]);
psia = — ((n[[3]] + nl([-2]] thetad)/n[[-1]]);
Append [IdentityMatrix [Length[n] — 1], {psil, psi2,
psi3, —n[[-2]]};
m[[ —2]] = {thetal, theta2, theta3, n[[—1]]}
mr = Transpose|[LatticeReduce [Transpose[m]]];
For[xl = 0, x1 <= stop2, x1l+4-+,
For[x2 = If[xl1 == 0, 0, —stop2], x2 <= stop2, x2+4+,
For[x3 = If[xl == 0 && x2 == 0, 1, —stop2], x3 <= stop2,
x3++,
For[x4 =
If[xl == 0 && x2 == 0 && x3 == 0, 1, —stop2],
x4 <= stop2, x4+4++,
x = {x1, x2, x3, x4};
ex = (mr.x) n;
If [GCD[ex [[1]], ex[[2 == 1 &&
GCD[ex [[1]], ex[[3] 1 &&
GCD[ex [[1]], ex[[4] 1 &&
GCD[ex [[1]], ex[[5] 1 &&
GCD[ex [[2]], ex[[3] 1 &&
GCD[ex [[2]], ex[[4] 1 &&
GCD[ex [[2]], ex[[5] 1 &&
GCD[ex [[3]], ex[[4] = 1 &&
GCD[ex [[3]], ex[[5] = 1 &&
GCD[ex [[4]], ex[[5] == 1 &&
(ex[[1]] + ex[[2]]) (ex[[1]] +
ex[[3]1) (ex[[1]] + ex[[4]]) (ex[[1]] +
ex[[5]]) (ex[[2]] + ex[[3]]) (ex[[2]] +
ex [[4]]) (ex[[2]] + ex[[5]]) (ex[[3]] +
ex [[4]]) (ex[[3]] + ex[[5]1]) (ex[[4]] + ex[[5]]) !=
0, q =N[qufex]];
If[q > 1, sv = {Sort[Abs[ex]], q};
If [! MemberQ[abssols, sv],
abssols = Append[abssols, sv];
sols = Append|sols, {ex, a}]11111111111;
t2 = TimeUsed[] — t1;
Print [”doks5[”, pri, ”]:.”, il, ?/”, st[[1]], 7.7, t2,
?_sec.,_aantal_opl:.”, Length[sols]];]
Return[Sort[sols , #1[[2]] > #2[[2]] &]]];
n-examples
abcd-examples with ged condition
Table 4: abcd-examples with ged(a, b) = ged(a,c) = ... = ged(e,d) = 1 (continued)

35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.

el e e el e e e el el e e e e e

29782
29686
29375
29157
2913

28896
2883

28826
28704
28242
28188
28125
27965
27859
27853
27732
27485
26987
26951
26921
26863

521 .3372 4 3. 73 . 311!

36 4+ 172 4 534

510

478

322 1 5.197 . 307

11 435,137 .67 4+ 1910 . 9643
520 . 1223 + 537 . 193 4+ 37 . 61*
239 . 1123

713 .13 4+ 23.71°

5.1312

11-17% 5% .315 +32 . 132 .47% =
324.11087 +13% =

292 4377 =

74+17-19°.29 =

5.1912 =

290 =

320 . 1092 4+ 74 . 10733
310 . 532 4 75 4 375
716 . 52919 4 17 - 532
79173 432 . 192 . 43°
312.5 + 79 + 114

1119 .47 . 409 4+ 176 . 19 - 292

72 .11°

36 +76.83 429

517 .31 4 3%. 711 £ 37.4019

139 + 236 . 972

373 . 537

73 .132 . 1710

711,532 41110 .37 432 .53 . 1311
513 + 3%.19.61°
39.7.1093 + 174 .
713

79 .17 452 . 1111 . 439
33,174 473 .23% .43

513 +34 . 132

32.716 .37 4 17% . 97231 4 296
3%4.7% £ 55. 114 .13 4173

5. 173 4 2310

5.19%

329 .5%.41 4316 .37

514 . 109 4 13°

172 . 533

193 + 1911



56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
7.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.

100

101.
102.
103

104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.
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26748
26694
26614
26537
26465
26415
26409
26115
26009
25948
25914
25875
25844
25622
25613
25568
25504
25454
25414
25356
25343
25294
25267
24996
24901
24821
24791
24735
24696
24375
24176
2405

24028
24009
2397

23968
23959
23955
23876
23876
23829
23791
23764
23734
23694
23678
23564
23518
23436
23293
23232
23198
2318

23137
23134
23077
23066
22974
2296

22955
22938
22938
22897
22882
22863
22856
22824
22757
22706
22668
22635
22612
2258

22508
22495
22449
22445
22405
22394
22391

232 . 716

314 .43 4+ 1911

237

328 .61-643 + 1113 .412 4 75 .23
52 .5099 + 718 . 11

52.177 .29 + 197 . 1032 4 437
72 .23% . 307

512.192 . 389
3.13%.8581 4 7% .297 4 41
1115

113 . 195
325.745.13.43%2 4677 - 71
73 .23.3110

139 . 32359 + 313 . 1732
310.109 4+ 7

317 . 54 + 297

237 . 1801

319 .56 .11
37.7.11+417%.109 - 311 + 1911
175 . 197 4 1911
32.11.317+5-1312

2310 4 292 . 1372

721

312 . 612

518 4118 .31.163

479 . 532

5.11'2.13.109
3.519.72.112 4 17. 292

312 + 715

320 .11 4+23.61°

19% . 12973 4 2910

133 .792 + 1710 . 2819 + 7. 417
314 4 7.119. 271 4 5% . 23
315 4 376 4 532

32 .11 . 163 + 52 . 1312 . 2593 4 2310 . 3172

38 .41 4 1912 . 112129 4 292
511 4+ 32.76. 157

1911 . 532

718 . 173

352 411

13.179 . 232

713 .37. 127

1110 . 133 4 59% . 19471
17! 4 23 . 316

1119 . 701 + 133 . 137

52 + 192 +43% . 61 - 127
5-13'0.137.557 + 11196
312 4 713 . 11. 197

58 + 72 4+ 172
36.510.11 4172 .37. 41
3.522 . 547

119 432 4+ 32 .13% . 173
5.13'2 4 172 . 61 - 1667

138 . 3719 4+ 55 . 174
322.17.53-103

34.378

17% + 11198 . 1439

1113 4 59° . 2292

41°

311 4 198 . 292

58 .13 4116

326 4 515.23. 227 4 473 . 1132
516 .72 . 1601 + 1910 . 29 . 37 + 61 - 653
178 .23 .37

1911 . 239 4 32 . 299 . 20101
77 .41% 4113 . 616

75 .292 4112 . 195

319 .67+ 1113 4377 . 839
616 . 3907

3477 .39217 4+ 73 . 132 . 59
415 .83%2 4133 . 714

118 .13 . 1051 4 52 - 377 . 7027
314 .56 .47 4 233

178 . 1132 434 . 5. 297

33 .52.316

318 . 192 + 519 . 972
3.3110.732

37.112 4 235

35.7% 4139 .23 4 53 . 296
518 . 133979 + 3 - 1111

321 . 6451 + 1111 + 5. 472

73 .113567 + 5 - 1312

511 .41 +3.11% 472 .31°

53 . 1711 . 223

331 .29 4+ 172 .31% .79

321 . 312

322 4 5% .13.297 +417 . 732
117 - 601 4 138 4 1711

2310

323 .44357 + 7135 4 614 - 3112
33 .50 471l 413127

1112 . 139

319.132.1697 + 52 - 193 + 619 - 463
329 .5 4113

5 + 23°

118 . 457 4 73 . 372

3%.5.70 .17 + 118 4 1910

77 .53 .1637 4 418 + 618
5.1312

5.13'2 +3.11.23.533

1911 4 372 . 3492

320 . 1092 + 76 . 353

3.17%2 .79+ 53 .13%2.319 4+ 19 - 435 . 3167
711 4132 . 312 4 532

315 4 711 . o477

54.13% 4 37%.79.11329 4+ 37 - 41
315 .472 4 19°% . 672 + 292 . 31°
134 4+ 537 . 288803

53 .117 . 1949 4 23 . 283

133 . 176 + 416

516 . 797 4 32 . 716

54.717

316 . 712

59 . 1321

717 . 293

112 . 678 . 5051

118 4 204

327 01792 + 7% . 1113 4 29 . 47% . 2377
32.5%.2647 + 133 . 437 . 97 + 4710 . 151
5.198 . 21821 + 315 . 997
54.2311 4 719 432 .476
13% + 11316 . 712 4 678

3.519 453

3.1910 4 372 .43% .79

194 +3.677

33 . 596

313 . 2332 4 4710

1310 . 1523 4+ 19* . 23

3.19%

7 + 238

722 4+ 232 .37% . 211 + 537 . 2237
54 . 178 4673

314 .41 4 1911

325 4+ 118 . 1012

74 .631 + 52 . 1911 4 314

515 4+ 711 1193 41110 . 73 . 149
3.5.70423.438

711612 4+ 3% . 198 . 47

33.73 +136.19 417
5.7%.13%2 +11° . 6043

310 .7 4 235

1110 . 792

337 .17

511 4+ 195 .892 4 73 . 297

72 1315 4 2310 . 592

329 41 19.79. 211

3% +5.137

7.198 .312

328 154 . 111 4 7.17% . 972
524 4 112 . 299

5.118 + 318

334 + 295

378 + 72 .61 - 672

111 4 238 . 1223

1110 .23 4+ 175 . 29 4 71°

715 .103 - 367 + 17* - 991

137 . 2772 452 . 3710 . 109 + 53% . 1572
136 4 374

416 . 67

717 133 + 235 . 6361



136

137.
138.
139

140.
141.
142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.
156.
157.
158.
159.
160.
161.
162.
163.
164.
165.
166.
167.
168.
169.
170.
171.
172.
173.
174.
175.
176.
177.
178.
179.
180.
181.
182.
183.
184.
185.
186.
187.
188.
189.
190.
191.
192.
193.
194.
195.
196.
197.
198.
199.

For all 25857 examples see website http://www.win.tue.nl/~bdeweger/abc/.

C.2

C.3
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22378
22353
2227
22267
22252
22237
22167
22141
22137
22115
22068
22042
21999
21999
21953
21952
21945
21945
21941
2193
21911
21885
21877
21849
2182
21815
2178
21772
21757
21737
21734
217
21697
21694
21684
21648
21625
21599
21595
21579
21528
21494
21464
21458
21444
21414
21323
21305
21281
21256
21248
21178
21075
20985
20974
2096
20896
20894
20891
20884
20872
20829
20756
20751
20749

715 . 197 41710 . 53

36.112 4 53 . 296

716 4 377 . 677

332 .11 4 5% .19% 4+ 61° . 166597
318 .90499 + 319 - 1117

55 .232 4 378 . 79.. 11329
5.13%2

1110 . 181

5.13%2

1112

5.13%2

313 .11.19 4 316

33.116

5.1312

116 .47 . 673 4+ 3% . 178 4 239
519 . 134

54.79 .79 4 111% . 43 .59 4 33 . 133
55 . 713 1 115 . 23 . 26177
316 +54 . 75 + 116

119 432 + 72 .13% . 29
5.1312

118 4+ 67°

5.177 . 592 4112 . 37°

321 1 23.37% +53

320.1092 457 . 337

79 . 1132 + 192 . 292

39 .8539 + 1911

52 .292.477 4 3% . 596
5.13%2

511 + 710 + 236

322 .2412 413 . 61°

59°

319 . 463

714 .103 . 1063 + 178
318.7.23% 4 1118

317 . 472 4 75 . 349

313 .53.1973 4 718 . 157 4 1116
78 .79 4 432

171t 434 . 132 . 672

13- 29°% 4 537

5.13%2 4 35 .372

135 . 607 + 53% . 4651

317 .67 +5% .53
3.521 4 19.478 .53
36.17.2131 +7-11% . 372 4+ 1911
5.1312

329,127 4+ 67 - 1499

71‘2 + 1910

314 .7.11 4+ 23% +52.29°
119 .13% 4+ 52 . 597 . 107

320 .431 458 .17+ 710 .53
321 4 193 . 374

419 - 307

3% 455 . 112

172 . 195

520 .1031 4+ 7% . 137
5.13%2 4+ 7.20%.173
515.83 +7.13%.23.149
721712 4 232 . 43°

5.1312

321 .31 4138 . 284783 + 113 - 292
711 .103919 4 13 - 1713 4 33 . 434
1911 432 . 433 . 233

114 .59 . 193 + 1911

119 4+ 175 . 103 + 3 - 29°

321,412 + 52 .199 . 127
7.13% 4 41% .43

512 . 1051 + 134 . 237

1310 . 533

7111 4 419

114 .13 4 47° . 532

73 .5591 4+ 191 + 294 . 233
323 .29 4+ 513 . 1609 4+ 177

310 . 2797 4 1911 4 73 .23 . 197
317 .19. 1277 + 5. 7% . 132 4 47°
113172 . 433 + 1911 4472 . 71
513 473 .41

58 + 196 + 172 . 372

3.17%2 4+ 1911 4312 . 283 . 613
52 . 713

7-17% +3.299.12517 4+ 47% . 883
419 . 32371

37 .832 41313

13° . 149

3%.734+5%.178

11°% . 947 41911 4+ 3. 233 . 389
315.109 + 5% .29

714 . 292 4 1910 . 2473

52.132 .19

- 1699 + 2310

317 .67 + 477

113 .1021 + 5 - 1312

72 .17 . 251 4+ 13 - 3110
35.11.859 + 1911 + 7% .31.472
13% . 1291

53 . 40237 4 171 . 672

314 . 149 +56.112 + 135

330 .59 + 53 .197 . 292 4 23. 1032
299 432 . 717 . 907

139 . 6367 + 17* - 312

1111 4132 .53

1710 . 412 . 89

5435 . 374

192 .377 461 - 714

318 .5.601 4 476

1911 + 612 . 44893

35 . 715 . 251 4 239

710 4112 . 375

133 . 107 - 1049 4 3111

5.1312

37 .31.2459 + 1911 4 2947
516 . 2392 4 711 . 43

35.13% .31 4372 . 5861

316

329 .97 +73.232 .53

477 131

st .73 4117 . 337

112 .3110 4 378 . 379 4 3% . 132 . 473
13°% 4+ 193

37 +53.732 4 59°
32.1112.592 4 13.193 . 472
1911 +3.313 . 1072

326 +473

139 . 2657 +3-52 . 112 . 617
312 .313 + 11 - 33923 + 191
717

517 . 118 . 127

5.13'2 4+ 67179
5.13'2 4 43.67

376

3
@

abcd-examples without gcd condition

abcde-examples with gcd condition

Table 5: abcde-examples with ged(a, b) = ged(a,c) = ... = ged(d,e) =1
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95577
77341
65729
62733
62729
60251
57729
57485
57474
56807
56674
56105
56033
55651
55109
54966
54052
53685
52944
52863
52677
52605
52225
51688
51512
51494
51401
51072
51051
51043
50985
50559
50306
50286
50021
50018
50018
49781
49775
49479
49348
49294
49086
49086
48497
48061
47952
47834
47344
47108
47001
46988
46914
46861
46849
46805
46783
46702
46474
46466
46141
46069
45955
45876
45747
45746
45659
45576
45501
45488
45475
45439
45362
45353
45262
45076
44884
44839
44716
44716

225 4 316 4 376
228+513

219 .13 4+ 5% + 710 .37 4+ 112
23 458 473

316+510

511 4134

297

319 4 73,112 4 52 . 132
236 4 11 +3.13% 4+ 19
24311 4 59.89 4 7°
220 4 52 4 132 . 177

216 .72 | 314 | 1}6

1

3
7-197 4+ 29
223 .5 4173

228 134+ 7.17

25 4320 4 118 4 134
227

229 4 39 4 75 .13 4+ 172
27 4+ 7% +32.20% 4 316
227 4 55 .71 4 236
5% + 196

230 4 76

226 4 5476 .19

318 .71 478

39 474117 4 293

23 458 433 .20

712 4 236 .29

52.79 +23.117 423

21l 17 4313 .72 4 138
232+54+175

28 .101 432 452 .78 4172
318 4 53 4 19.316

177

511 .17 4+ 7. 192

7% +2.136
39.29 4713 £ 11.17°
7198

321 159 .61 477 .31
317 458 .13

53 .78 £ 114 433 . 235
238

72176 4199 4 29°
112 . 29*

219 4 53 4 132 4 193
215 4 173 4 315
210 +58 +32 . 137
516 + 137
320 + 710 17
231 4+ 58 .73 4113 4193
219 1 511 4 197 . 241
231 4177 4 314
547+ 17°
232 4 11 .237
226 +134
218 | 36 4 196
2.5% 4317
321 1 52.78 1112 .233
319 .37 4118 4132 . 174
23 . 514 + 712 + 237
118
225 4 5.192 + 234
23 .50 4114 4 13% 434 .17
314.7% 4 55 +31;‘

3
227 459 43% .79 41172 .43
218 .7 453 . 29°
317 .29 4 118
27 .59 4 712
225+514+292
237+318+7_314
229 .13
222 .32 72 + 17;

19 + 31
223 .72 £ 19
511 .17 472 .31
34 . 510 + 77 + 176
226 4 53 .76 4 176 .31

320 4 112
11° + 13% 4+ 36 . 314
321

39 4 13°

78 +27 .13 4196
24.312 4 79 4 23

32 +28.55% f11.176 4 198
228 | 197

5.72.177

118

318 . 179 4 75

510 + 132

27 4+ 50 + 73 4 115

27 + 312 . 172 + 514
313 479 4 23

320 +59 +314

510 . 379

317 457 4115 .31 + 193
511 .11

197

35 + 710

217 .17 4+ 316 4 116

318 1 195 .37 4 296

35 4 37°

213 .53 L 33 4 117
32.5% 47911

210 .5 4+ 172 4 317

2. 510

72 + 117

23 4+ 3% 4137 .172

319 + 195

56 4+ 197

320 4 116 . 457

139

22 .13% 4 297

25 4 318 4 510 4 934 .47
210 +315 + 138

36 +510 + 173

228 . 192 + 52

228 1 3.61+ 179 +31°
219 4 139

227 4 232 4 31

219 4 197

226,132 + 320 .19 453 .78 y 174

321 .11 428 .138
221 +316+79+174

312
57 435 .70
73 +117 . 29

34 472,112 +22.316 .43
231 4 514 4 314 .41

316 .53

35.138% 4 297

319 4 510 .11 .13

220 + 135
32.512.19 4+ 72 + 172
312.53 4+ 19 + 20¢

56 4+ 132 . 234

318 .71 4+ 78 4 292

211 4 139

233 .54 710

113 .37 4+ 3% . 138
219A172+3GA53+7+137
315 + 117

197

22 .177 4+ 19%

223 4113 4 13 4 72 . 204
237

33 + 133 4 376

226 .59 4 5% 47

320 4 139 4 23. 149

317 .43 + 112 . 136

57 + 118 . 643

313 159 41178 4 192 . 47
53 +117 .23

316 4 98 .56 4 112
32.57 + 134177

24 4 315 4 138

138 4 28 . 312

315 + 138
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81.
82.
83.
84

85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.

100.
101.
102.
103

104

105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.
156.
157.
158.
159.
160.
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44509
44497
44396
44307
44142
44035
43816
43809
4379

4372

43715
43627
43517
43493
43466
43108
43081
4305

4301

42934
42835
42811
42701
42668
42615
42612
42465
42434
42427
4236

42336
42336
42336
4215

42115
42063
41895
41824
41815
41756
41727
41727
41668
41522
41428
41319
41188
41079
41036
40997
40949
40942
40924
40908
40886
40886
40882
4082

40754
40639
40551
40531
40514
40504
40364
40309
40287
40189
40159
4013

40094
40042
40036
40021
39977
39745
3972

39701
39689
39628

117 . 29

117 + 17 + 5% . 236

511 .89

223 +3.73

221 .7 4 136

228 1 197 4+ 17. 292
310.192 + 73 4 119 4+ 134
512 4 116 4314 . 71

234 + 38 . 54

198

254 1 312,112 4 57 . 73
312

213 . 53 + 117

223 .73 1139 4192
223+76

225 .59 4+ 23

27 4 5% 4 33 . 294

119 .13 4 31°

234 4 55 . 139 4 72 . 17°
220 .19 + 3% + 177 - 67
230 . 17+515 +72

237

74 4+ 297

118 . 19 4 299

223 4 72 . 204 4 372
224+ 117

212.3% £ 59.37 4+ 7% + 138
176

220 .23 4 138

226 .13 4311 112 4 75 4173
24313 4 234

313 4 54234

313+53 +234

22 .318 1 117 4178

33 4+ 5% 4 19

138

512 + 33 . 175

114 .47 4+ 3% . 196

313 + 26 . 234

27 .37 459 4+ 76 4 195
23 +33+510

25 +3+510

213 317

29 . 512 +374

231 4 175

311 .41 423 .50 .19 4 712 4 13°

317 4 93 .58 4 72 4 116
77 . 172 4137

25.315 4 11.192

218 + 710 L11

28 .116 4 19

227+ 178

32 + 118 +5.13% 4 29°
226 +34 + 173
223 4 3.172

59 + 235

17% +5.318

3.710.23

227 4 5% . 192 4 236

214 . 112

23 4319 1 510,132 4 313
318 + 26 . 135

233 4 114 4 134

113 + 195

322+7

172 + 295

23 .13% 4317

38 +2.50 413

77 +5-13% 4 22 . 236

220 .19 4+ 3% + 72 4177 . 67

315 .72 .17 + 118 4 312
319 .59 4 236

315 +510+293

39 +57 +7%.31 4118
77 + 133 423 . 237
31752 4+ 78 + 29°

311+52+2_710+172
231 .43 435 .77

214 4 39 . 932 L 711 4 119
59 + 132 4 23°

39 + 117 + 19

319 + 52 . 74

22 . 296

228 | 316

72 .11-135% + 198 4 234
226 .11.23 432 4 5.77 +13°
192 + 297

219 4 54172 4 193

32 4+ 13 4+ 29°

315 .54 411177

312 .11 452 4 204

39 . 112 +55 +711
117 4 132
515+22,79+35 ,233
35 4 297

5+ 317
3.11% + 138 .59
223.13.31+43% 457 4176
234 4 511 4 32 .313 .79
37+24 '710 +236

316 +52

54 4 7.13% 4+ 19°

197

220 .23 439 4 5% 413
315 +510 + 173

197

5 + 374

23 4 374

27 4 374

513 .74+ 13.192
217+74

317 4 53 424 .116 .19 4 236
710 4113 423 .23

233 +59 +711 .13

75 +117 4132

136

72 .11° 4 37

72 .11°% 4 37
31871478 £ 112 .23
320 .23 4+ 119 .19 4 136
316 .72 4 58 . 101 + 11°
1110

13% . 192

5. 3l4 +512 4 196

511 4133 4177

319 1137 .31 4 293

318 1 58.132 4174
38.52 478 .13+ 117 . 192
225_7

511 4 192 . 373

59 + 7+ 235

223 433 472 .17
214+314+117

232 4 55 4133 4 17.197
710 4 3.113

36 +59 + 72 4134
19 - 236

77 + 177 + 52 . 292

317 .52 472 .17.23°
219 1 59 417

229 .47 4+ 514 4 115 . 277
213 +38 . 55 + 112

318 .71 4 78 4 233
117 + 373

35 4 296

317

219 .11 4+ 36 4+ 29

28 4 314 .59 4 234

218 .11 4+ 510 4 175 4 234
31 457 413 4193

25 . 511 + 139

236 4 56 . 127 + 113

23 .132 4 176

224 .13

512 .83 + 178

225 .97 4+ 112
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161.  1.39525 319 .19 4+ 17° 230 . 131 4 5% . 7% 4 115
162.  1.39411 319 477 .71 4132 .17 215 4 513

163.  1.39329 117 . 257 4+ 317 230 4 322 4 58 . 132

164.  1.39318 224 4 39 58 .43 47417

165.  1.39316 26 .38 4+ 115 4+ 138 510 .83 + 78

166.  1.39297 231 1 320 1 7. 67 117 172 4 19°

167.  1.39182 225 . 773 310 1 57 41110 4 72 . 172
168.  1.3902 3419 4 29° 213 .53 4 117

169.  1.3891 511 4139 4+ 192 + 293 23.3.79 .11

170.  1.38884 228 . 192 4 315 311 .11. 23+ 713 + 132
171.  1.38692 222 1 32.59.72 4 315 197 + 23%

172. 1.38638 26 4 179 318 .54+ 11.13% 4313 .43
173.  1.3859 228 1 316 4 53 4 11%. 192 73 .31

174.  1.38511 226 .7 432 4 196 116 . 172 4 136

175.  1.38498 218 .53 4 139 315 . 577 4+ 73 4 119

176.  1.38477 511 .7 4+ 296 225 4 318 4 13.37°

177.  1.38399 54 .11 4132 426 . 235 313 177

178.  1.3835 297 234 1 3% 1 58 . 179 + 7. 233
179. 1.38298 23 + 116 .19 4 136 315 4 176

180.  1.38253 226 4 236 4 7. 295 315 .52 4 112

181.  1.38253 712 4 192 224 .3.52 .11 4 17% + 292
182.  1.38239 20 .61 45 .17 315 1 74 4 138

183.  1.38145 139 +37.179 215 4 321 | 52 .78

184.  1.38106 316 4 511 4 134 4170 220 . 89

185.  1.3807 315 4 116 4135 .47 225 4 75

186.  1.38014 317 4 75 . 677 4+ 112 + 1310 23 . 297

187.  1.37903 212 .132 4 510 . 29 35 4+ 710 4175

188.  1.37885 710 4 27 . 29 512 1 13% 33 .175

189.  1.37808 511 . 229 4 72 218 4 321 4 117 .37

190.  1.37777 230 4 53 73 .19% 4 293 4 3% . 314
191.  1.37768 7+ 374 22 4 313 4 234

192. 1.37715 77 +11% 4+ 25.3.13%8 4192 .31 238

193.  1.37708 232 1 232 4 373 . 149 320 4 138

194.  1.37663 314 4 11° 225 4 197 4 235 . 223

195.  1.37659 221 4 114 33.57 4+ 7% 17

196.  1.3765 29 .137 + 31 35.52 4+ 113 .17% 4+ 194
197.  1.37542 316 4 176 4 23 226 4 11. 193

198.  1.37489 27 433 +59.112 + 134 78 .41

199.  1.37362 3% 4 78 .43 4133 512 4 98 . 194

200. 1.3736 228 4 55 4 197 319 4 72 . 997

For all 65609 examples see website http://www.win.tue.nl/~bdeweger/abc/. These examples were generated with the Mathematica notebook

given in Appendix B.2 with as primebase all subsets of length 5 of the first 12 primes, with powers up to

30 log(2)

and linear combinations
log(p)

of the reduced lattice base vectors with coefficients up to 2.

C.4 abcde-examples without gcd condition

Table 6: abcde-examples with ged(a, b, c,d,e) =1

1. 6.96675 224 .53 4 311 1 3205 = 27.32 1 2%.513

2. 6.11452 215 .3.52 4230 = 210 4 316 52 4 35 53

3. 5.91006 229 4 32.57 = 22.34222.534312.52
4. 5.8601 24 .53 4315 4 32.511 = 215.52 4 924 .33

5. 5.81656 33.5423.511 = 27.53 1 9.313 318

6. 5.79151 22.3% 4 315.52 = 2224 926,535 .57

7. 5.79151 22 4 26.5 4315 .52 = 222.3% 435 .57

8. 5.701 27.3%.5 4218 1 227 L 317 — 33 .510

9. 5.61869 33 4+2.310 4 313.53 = 215.53 4 92 511

10.  5.50247 227 4 3% .57 = 22.33 1 222.54314.52
11.  5.50247 22 .54 222.33 4 311 .53 = 927 13.58

12.  5.49113 25.318 4 93 .510  —  gll 4 32 .53 317

13.  5.49113 33 4+ 25.313 4 93 .510 = o7 .52 4 317

14.  5.4685 27 4 314.52 =  22.54222.33 3% .57
15.  5.4685 219.33 .5 4511 = 22.34215 431452

16.  5.4685 22.33 £ 314.52 = 223 1 922 .52 4 34 .57
17.  5.42989 222.52 £ 3%3.57 = 22.324 2206 4313 .52
18.  5.37192 211 132 .53 1 2.316 = 313.5493.510

19.  5.37192 33 4313 .5423.510 = 27.52492.316

20. 5.37192 27.310 4 9.316 = 924 .54 32 510

21.  5.34929 33 4313 123 .510 = 97.5249.313.52

22, 5.34929 313 4 23.510 = 9oll 4 32 .53 4 9.313 52
23.  5.34336 211 4 32.53 1 318 p 4. 314 = 23.510

24.  5.34336 23.510 = oll 1 32.53 313,52 93 314
25.  5.34336 2'1 £32.53422.313 1 315.5 = 23.510

26.  5.34336 33 4+2%.510 = 27.52 4313 04 314
27.  5.34336 33 423.510 = 27.52 1 92.313 1 315.5
28.  5.34336 27 .52 423 .314 4 318.52  — 334 93.510
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29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.

5.29867
5.29867
5.29867
5.29867
5.29568
5.20517
5.20517
5.20517
5.16812
16812
16414
16048
16048
14549
14549
14549
14549
14549
5.12951
5.09488
5.09488
5.05498
5.04891
5.0223

5.0223

5.01029
5.01029

Guot oot ot ot ov ot

2.32 4 226
22.3.54 222 4 312.53

22 4222 .3.54 31 .52
226

22 4222.3.54+32.58

37 .52 424.310 L 9.314 .5
27 .33 4923 .34 34 5
218 4 511

218 53 4 o7 .37 | o7 . 57
213 .33 .54 223 .5

28 .3 4217 .54 313 .52 459
22 .32 4 922 4 313 52

28 .34 217 4 318 . 52 4 59
24 422 .54313.52

22 4 95 4 313 .52

22 4 922 .32 4 33 . 57

22 .32 313 .52

222 .54 924 | 33 .57

22 4 225 4 311 .52

22 .54 922 .34 311,53
22.3 4222 .54312.52

27 .32 .54 218 .52 4 923 | 315
27 .32 4 9.315

27 .32 4 312 .54 04 . 313
220 .52 4 59

22 .5 4 222 4 311 . 53
223 .3 457

210 .52 | 315 | 33 . 59
226 | 32 58

226 1 3.57

25 .33 L 911 .53 4 312 .53 4 33
26 4 312 53

210+511

211 53 4 511

27.3.52 4223.34314 .5
35 .54 316

210 4 316 | 35 . 5

919 34

223 .54 3% .57

223 .5

222 .32 4 33 .57

222 .32 4 33 .57

2% .5 4313 .52

222 | 925 | 33 . 57

22 .32 4 313 . 52

222 .32 1 3.57
225 4 3.58

225 4 32 .57

3.510

220 52 | 312 | 59
220 . 52 4 59

27 .32 4 93.312 4 314 g
223.34+3.58

24 .53 4 9ld .34 4 314 g

. 56

These examples were generated with the Mathematica notebook given in Appendix B.2 with as primebases {2, 2, 2, 3,5}, {2, 3, 3, 3,5},

{2,3,3,5,7},{2,3,5,5,7},{2,3,5,5,11},{2,5,5,5,7},{2,5,5,5,11},{2,5,5,7,11},{2,5,7,7,11},{2,7,7,7,11}, with powers up to

30log(2)
log(p)

and linear combinations of the reduced lattice base vectors with coefficients up to 1.
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